Abstract. We propose a modification of the predictions of the Cohen-Lenstra heuristic for class groups of number fields in the case where roots of unity are present in the base field. As evidence for this modified formula we provide a large set of computational data which show close agreement. Furthermore, our predicted formula agrees with results on class groups of function fields in positive characteristic for which the base field contains appropriate roots of unity.
Introduction
The distribution of class groups of number fields remains mysterious. The CohenLenstra-philosophy, extended by Cohen-Martinet [6] gives a heuristic approach with very precise predictions which is widely expected to be accurate, but only very few isolated instances have been proved. Recently, though, we presented computational evidence [8] that the Cohen-Lenstra-heuristic fails for the p-part of class groups in the presence of pth roots of unity in the base field. In particular it never seems to apply for the case p = 2.
Here, we propose a modified prediction in this case, and present various computational data in support of this new formula.
In Section 3 we compare our prediction with results on class groups of function fields, which are related to the distribution of elements in finite symplectic groups with given eigenspace for the eigenvalue 1.
In order to explain our computational results, let's consider a situation Σ := (G, K 0 , σ) consisting of a number field K 0 , a transitive permutation group G of degree n ≥ 2, and a possible signature σ of a degree n extension K/K 0 with Galois group (of the Galois closure) permutation isomorphic to G. For such a situation Σ, let K(Σ) denote the set of degree n extensions K/K 0 of K 0 (inside a fixed algebraic closure of Q) with Galois group G and signature σ. We are interested in the structure of the relative class group Cl(K/K 0 ) of K/K 0 for K ∈ K(Σ) (the kernel in the class group Cl K of the norm map from K to K 0 ).
Here we present numerical data for the distribution of p-parts of class groups for the following situations Σ and primes p:
(1) Σ = (C 2 , Q( √ −3), complex), p = 3, (2) Σ = (C 2 , Q(µ 5 ), complex), p = 5, (3) Σ = (S 3 , Q, totally real), p = 2, (4) Σ = (C 3 , Q, totally real), p = 2, 
Class groups in the presence of pth roots of unity
We begin by recalling the setting and the fundamental heuristic assumption in the paper of Cohen and Martinet [6] .
Let K 0 be a number field, K 1 /K 0 a finite extension, L/K 0 its Galois closure with Galois group G = Gal(L/K 0 ). (All number fields here are taken inside a fixed algebraic closure of Q.) Then G acts on the different embeddings of K 1 into L by the transitive permutation representation on its subgroup Gal(L/K 1 ). The corresponding permutation character χ contains the trivial character 1 G exactly once, and we let χ 1 := χ − 1 G . Let Q[G] denote the rational group ring of the Galois group G. We make the following two assumptions, which will be satisfied in all examples considered:
(1) χ 1 is the character of an irreducible (but not necessarily absolutely irreducible) Q[G]-module, (2) any absolutely irreducible constituent ϕ of χ 1 has Schur index 1, that is, ϕ is the character of a representations of G over the field of values of ϕ. Note that (1) implies in particular that Gal(L/K 1 ) is a maximal subgroup of G, or equivalently that the extensions K 1 /K 0 is simple. We write O for the ring of integers of the field of values of any absolutely irreducible constituent ϕ of χ 1 . (This is an abelian, hence normal extension of Q, and thus independent of the choice of constituent ϕ by (1) above.)
Denote by E L the group of units of the ring of integers of L. Then the action of G makes E L ⊗ Z Q into a Q[G]-module, whose character we denote by χ E . (It can be computed explicitly in terms of the signature σ of L/K 0 by the theorem of Herbrandt, see [6, Th. 6.7] .) We set u := χ E , ϕ (see [6, p.63] ), the scalar product of the character χ E with an absolutely irreducible constituent ϕ of χ 1 . Since χ E is rational, this does not depend on the choice of ϕ.
Let's denote by K(Σ), where Σ = (G, K 0 , σ), the set of number fields K/K 0 with signature σ and Galois group of the Galois closure permutation isomorphic to G. Note that both the isomorphism type of the Q[G]-module E L ⊗ Q and the integer u only depend on the situation Σ, not on K 1 or L. We are interested in the distribution of relative class groups of fields in K(Σ).
By the fundamental assumption of [6, Hyp. 6.6] there should be a notion of good primes for Σ, including in particular all primes not dividing |G|, and maybe even those not dividing the permutation degree of G, such that whenever p is good for Σ and u ≥ 1, then a given finite p-torsion O-module H should occur as Sylow p-subgroup of a class group Cl(K/K 0 ) for K ∈ K(Σ) with probability c |H| u |Aut O (H)| for some constant c only depending on p and Σ (see [6, Th. 5.6 (ii)]).
The computational data obtained in [8] indicated that this latter assertion is probably wrong for primes p such that K 0 contains pth roots of unity, that is, such primes are not good for Σ. Based on further and more extensive computations, instead we propose a modified formula at least for the case when no p 2 th roots of unity lie in K 0 , and O = Z: Conjecture 2.1. Assume that p does not divide the permutation degree of G and that K 0 contains the pth but not the p 2 th roots of unity. Then a given finite p-group H of p-rank r occurs as Sylow p-subgroup of a relative class group Cl(K/K 0 ) for K ∈ K(Σ) with probability
Here, for q, k ∈ N we let
Proposition 2.2. Assume that the Sylow p-subgroups of class groups Cl(K/K 0 ) for K ∈ K(Σ) are distributed according to Conjecture 2.1. Then the probability that Cl(K/K 0 ) has p-rank equal to r is given by
Proof. This follows easily as in [8, Lemma 2.1 and 2.2].
Computationally, only very few cases with O = Z are in reach. The data obtained there seem to indicate the following generalization of the above formula: Assume that p is good for Σ and that K 0 contains the pth but not the p 2 th roots of unity. Then a given finite p-torsion O-module H of O-rank r should occur as Sylow psubgroup of a class group with probability
for some constant c only depending on p and Σ, where q := |O/pO| and d = (O : Z).
Computations for cases where the base field contains the p 2 th roots of unity, for example on the 2-parts of class groups of cubic extensions of the field of fourth roots of unity (see Section 6.4), or on the 3-parts of class groups of quadratic extensions of the field of ninth roots of unity, show that while the distribution of p-ranks might still be given as in Proposition 2.2 the distribution of Sylow p-subgroups seems to be different from the formula given in Conjecture 2.1. We hope to come back to this question in some future investigation.
In Sections 4-7, we consider several instances of situations Σ, for which we specialize the conjecture and give supporting computational data.
Relation with class groups of function fields
First, we compare our new formula to results and heuristics for class groups of global fields in positive characteristic, that is, function fields over finite fields F. Here, the base field contains pth roots of unity if p divides |F| − 1. Now for a prime power q and for g, r ≥ 0, let
where Sp 2g (q) denotes the symplectic group of dimension 2g over
Achter proves that the probability for the class group of a function field over F of genus g to have p-rank r converges to α q (g, r) as |F| → ∞ with p dividing |F| − 1 (see also [2, Thm. 3.1]). Achter [1, Lemma 2.4] shows that α q (g, r) has a limit for g → ∞.
Here we give an explicit values for this limit, using the explicit formulas for α q (g, r) which were obtained by Rudvalis and Shinoda, see [7, Cor. 1]:
Proposition 3.1. For any prime power q, and r ≥ 0 we have
Thus, the distribution of elements in Sp 2g (p) according to the dimension of their eigenspace for the eigenvalue 1 converges to the conjectured distribution of p-ranks of class groups in Proposition 2.2 for unit rank u = 0.
Proof. First assume that r = 2k is even. By [7, Cor. 1] and using
we have .) For g → ∞, the latter converges to
A trivial rewriting gives the value stated in the conclusion. For odd r = 2k + 1 we have
by [7, Cor. 1] (again with the corrected power of q in the numerator), so by a completely analogous calculation we find
from which the claim follows easily.
It seems tempting to speculate that even the distribution of class groups in the number field case is as given in [1, 2] for the corresponding function field case in the presence of roots of unity. We have not (yet) been able to match that with our Conjecture 2.1.
Quadratic extensions and odd primes p
We now turn to experimental evidence for Conjecture 2.1. Our first set of examples concerns the p-part of class groups of quadratic extensions of a number field containing the pth roots of unity, where p = 3 or p = 5. Here, in the notation of the previous section G = Z 2 is of order 2, and χ 1 = sgn is its non-trivial linear character, the sign character of S 2 = Z 2 .
Quadratic extensions of Q(
√ −3). The smallest such situation occurs for quadratic extensions of the field K 0 := Q( √ −3) of third roots of unity. Here, K 0 has a unique place at infinity, and Herbrandt's formula gives χ E = sgn, so u = 1. The prime p = 3 is good for this situation, but since the third roots of unity are present, we expect the Cohen-Lenstra-Martinet heuristic to fail. In [8, (3) ] we already proposed that the distribution of 3-ranks r of class groups should be given by Table 1 we give the results of our computations of 3-ranks for these fields. Visibly, the data fit the prediction in (4.1) quite closely. Conjecture 2.1 now predicts more precisely that a 3-group H of 3-rank r occurs as Sylow 3-subgroup of a class group of a quadratic extension of Q( √ −3) with probability
while the original Cohen-Lenstra-Martinet heuristic [5, 6 ] predicts a relative frequency of (3)
The following Table 2 contains detailed statistics for the Sylow 3-subgroups for the same sets of data as in Table 1 by giving the quotient of the actual number of fields with given Sylow 3-subgroup divided by the number expected according to formula (4.2).
The last line of Table 2 lists the proportion predicted by (4.2). 3 ] the number of expected fields (over Q) of discriminant at most X should grow linearly, with proportionality factor 0.001852542... respectively 0.008144834.... In these situations, K 0 does not contain the third roots of unity. Our results for p = 3-parts of class groups are in close agreement with the Cohen-Lenstra-Martinet prediction, so we don't show the details.
Quadratic extensions of Q(µ 5 ). Our final set of examples in this section
consists of quadratic extensions of the field K 0 := Q(µ 5 ) of fifth roots of unity. Here, we expect the prime p = 5 to behave differently. The base field has two places at infinity, so χ E = 1 + 2 sgn and u = 2. According to Conjecture 2.1 a 5-group H of 5-rank r occurs as Sylow 5-subgroup of a class group of a quadratic extension of Q(µ 5 ) with probability which agrees closely with the numbers obtained here. Table 3 shows the distribution of 5-ranks for these sets of fields, together with old and new prediction. The predictions for rank 0 and rank 1 are very close together, but according to (4.4), rank 2 should occur about five times more frequently than for the original prediction, which fits with the data. The amount of data computed in this case is not sufficient to obtain reliable results on the distribution of Sylow subgroups, so these are not shown.
Non-Galois cubic fields
A further interesting situation for our conjecture occurs for non-Galois cubic extensions of Q with the prime p = 2.
Totally real non-Galois cubic fields.
The number of totally real S 3 -fields of discriminant at most X is expected to behave asymptotically as For the totally real case the theorem of Herbrandt gives u = 2. So Proposition 2.2 predicts the distribution
for the 2-ranks of class groups, with higher moments
(this was already proposed in our previous paper [8, (5)]). Computational data for this case which reach considerably farther than those in [8, Table 10 ] are displayed in Table 5 . Conjecture 2.1 predicts that a 2-group H of 2-rank r occurs as Sylow 2-subgroup of a class group of a totally real non-Galois cubic number field with probability
As evidence for this we give in Table 6 the quotient of the actual number of fields with given Sylow 2-subgroup divided by the number expected according to formula (5.2). In addition, in the last two lines we print the relative frequency according to (5.2) and according to the the original Cohen-Lenstra heuristic. The table shows a reasonably good agreement with our prediction.
Cyclic cubic fields
Our third set of examples concerns Sylow 2-subgroups of cyclic cubic fields over various base fields. Here G = Z 3 is of order 3, O = Z[µ 3 ] and χ 1 is the sum of the two non-rational linear characters of G.
6.1. Cyclic cubic fields over Q. The smallest situation, where K 0 = Q, was already considered in [8, Sec. 2] , where extensive computational results for 2-ranks of class groups were presented. Here u = 1, so according to Proposition 2.2 the 2-ranks of class groups should be distributed according to [8, (1) ]), while a given 2-torsion O-module H of (even) 2-rank 2r should occur with probability
as Sylow 2-subgroup of a class group of a cyclic cubic number. As evidence for this, we list in Table 7 the relative proportions of certain 2-groups as Sylow 2-subgroups of class groups of C 3 -fields. Also, in Table 8 we give the corresponding results for fields of prime conductor. The predicted values for some small 2-groups are given in the last line of Tables 7 and 8 respectively (see also [5, 2(a)]). . As a second case we have investigated cyclic cubic extensions of the complex quadratic number field K 0 = Q( √ −3). Here, again u = 1, so according to Conjecture 2.1 a given 2-torsion O-module H of 2-rank 2r should occur with the same probability (6.2) as in the previous case. Table 9 gives results on this case by listing the quotient of the observed densities by the predicted density, for sets of 10 5 fields of discriminant at least 10 i , for i ∈ {16, 20, 24}. Again, the data seem in agreement with our conjecture. (1 + 2 2k−5 ).
More precisely, Conjecture 2.1 predicts that a 2-torsion O-module H of 2-rank 2r should occur with probability 
containing the 4th roots of unity. The relevant unit rank equals u = 1. This situation is not covered by the predictions made in Section 2. Still, the data in Table 12 seems to confirm that the 2-ranks behave according to formula (6.1). On the other hand, the distribution of individual Sylow 2-subgroups shown in Table 13 does not seem to follow the formulas from (6.2). The fourth test case consists of quintic extensions of Q with dihedral Galois group G = D 5 . Here, O = Q( √ 5) and χ 1 is the sum of the two non-rational characters of G of degree 2. Again, the behaviour of the prime p = 2 is interesting.
Here, in contrast to the previous cases we don't have a fast method to enumerate all D 5 -fields between given discriminant bounds nor is there a proven asymptotic formula for the number of such fields. Nevertheless, assuming the Cohen-Lenstra heuristic for the 5-rank of quadratic fields, an obvious asymptotic lower bound for the number of fields is obtained by just counting those fields whose Galois closure is unramified over the quadratic subfield. According to this, for large X there should exist at least 0.07599 √ X complex quintic D 5 -fields of discriminant at most X, and at least 0.01507 √ X totally real ones. We have produced large sets of fields by specializing the D 5 -polynomial
for integral |u|, |v| ≤ 2500 with gcd(u, v) = 1, and |t| ≤ 50000. Of these several billion fields, in both possible signatures we retained the first 200,000 ones of discriminant at least 10 i , where 15 ≤ i ≤ 21. A priori there is no reason why the class groups of the fields obtained in this way should show the same behaviour as class groups of random D 5 -fields. Thus our tables here should be taken with even more care than those in the previous examples.
7.1. Non-real D 5 -extensions of Q. For complex D 5 -extensions we obtain u = 1, so according to Conjecture 2.1 the (necessarily even) 2-ranks of class groups should be distributed according to the probability in formula (6.1) , that is to say, as in the case of cyclic cubic fields.
Despite the fact that our lists of fields are not complete, it turns out that the distributions of 2-ranks given in Table 14 is not too far away from the prediction (6.1). 
